Abstract. In this paper we compute the equivariant homotopy type of spaces of algebraic cycles on real Brauer-Severi varieties, under the action of the Galois group Gal(C/R). Appropriate stabilizations of these spaces yield two equivariant spectra. The first one classifies Dupont/Seymour's quaternionic K-theory, and the other one classifies and equivariant cohomology theory Z * (−) which is a natural recipient of characteristic classes KH * (X) → Z * (X) for quaternionic bundles over Real spaces X.
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Introduction
In [Ati66] Atiyah developed a K-theory for spaces (X, σ) with an involution σ, the Real spaces in his terminology. The construction uses the notion of a Real bundle (E, τ ) over (X, σ) which consists of a complex vector bundle E over X, along with an anti-linear map τ : E → E covering the involution σ and satisfying τ 2 = 1. The group KR(X) is then defined as the Grothendieck group of the monoid of isomorphism classes of Real bundles over (X, σ), and the resulting theory is called KR-theory.
In a similar fashion, J. Dupont developed in [Dup69] the symplectic K-theory KSp(X) for Real spaces (X, σ). His construction is similar to Atiyah's, in that KSp(X) is the Grothendieck group of the monoid of isomorphism classes of symplectic bundles over (X, σ). In this context, a symplectic bundle (E, τ ) over (X, σ) consists of a complex vector bundle E over X, along with an anti-linear map τ : E → E covering the involution σ and satisfying τ 2 = −1. Subsequently, R. M. Seymour reintroduced this theory in [Sey73] , where he called it quaternionic K-theory and denoted it by KH(X). We adopt this terminology, for it avoids confusion with the non-equivariant notion of symplectic K-theory.
A clear and conceptual reason for the existence of these two competing theories arises when one tries to find their respective classifying spaces in the equivariant category. In fact, one can extend these theories to RO(Z/2)-graded cohomology theories KR * and KH * in the sense of [Seg68] and [May77] . To this purpose, one constructs Z/2-spaces (Z × BU ) C and (Z × BU ) H satisfying [X + , (Z × BU ) C ] Z/2 ∼ = KR(X) and [X + , (Z × BU ) H ] Z/2 ∼ = KH(X); cf. [LLFM98b] and Proposition 4.4, respectively. These spaces are shown to have the structure of Z/2-equivariant infinite loop spaces in [LLFM98b, ] and Theorem 4.7, respectively, yielding the spectra classifying the desired equivariant cohomology theories.
In order to construct such classifying spaces, we first identify Z/2 -the underlying group of the equivariant category -with the Galois group Gal(C/R). Recall that the Brauer group [Gro57] Br(R) of R is also isomorphic to Z/2. This will be shown to account for the two distinct K-theories in Section 4. The argument is roughly the following. Let P(C n ) denote the projective space of complex 1-dimensional subspaces of C n . In the language os schemes, this is the set of complex-valued points of P n−1 , endowed with the analytic topology. The Galois group Z/2 = Gal(C/R) acts on P(C n ) via complex conjugation. Similarly, let H = C ⊕ Cj denote the quaternions, and let P(H n ) be the projective space of complex 1-dimensional subspaces of H n . We give P(H n ) the Z/2-action induced by multiplication by j on the left of H n . As a space, P(H n ) is homeomorphic to P(C 2n ), however the Z/2-actions on P(C 2n ) and P(H n ) are quite distinct. In fact, these spaces are the complex-valued points of the two inequivalent Brauer-Severi schemes of rank 2n − 1 over R, under the action of the Galois group. The aforementioned classifying spaces (Z × BU ) C and (Z × BU ) H are then constructed using the usual equivariant stabilization of the Grassmannians of complex linear subspaces of P(C n ) and P(H n ), respectively.
In order to develop a theory of characteristic classes for KR * and KH * , one needs to introduce the appropriate equivariant cohomology theories. In [Kah87] B. Kahn defined characteristic classes for Real bundles, taking values in Galois-Grothendieck cohomology with coefficients in the Z/2-modules Z(n). In the case of quaternionic bundles, Dupont poses in [Dup99] the question of which equivariant cohomology theory would be the natural target of characteristic classes, but the question was left unanswered.
In this paper we provide an answer to this question by constructing a cohomology theory Z * H in which the characteristic classes for quaternionic bundles take its values. Furthermore, we extend these characteristic classes to a natural transformation of RO(Z/2)-graded cohomology theories KH * → Z * H . A crucial aspect of our construction is the fact that the two distinct Brauer-Severi varieties P(C n ) and P(H n ), used in the construction of the classifying spaces for KR * and KH * , are also used to construct classifying spaces for the corresponding cohomology theories. Under this approach, the classifying maps for the characteristic classes have a similar description in both cases.
In order to place our constructions under the proper perspective, let us describe how the characteristic classes for Real bundles were extended to KR * in [LLFM98b] and [dS00] . The main constructions go back to [LM91] , [BLLF + 93] and [LLFM96] .
Let Z q (P C n ) denote the group of algebraic cycles of codimension q in P C n . This is an abelian topological group on which Gal(C/R) acts via topological automorphisms. See [LLFM98a] for details and additional references. The equivariant homotopy type of Z q (P C n ) was determined in [dS00] , and it turns out to be a product of classifying spaces for equivariant coohomology with coefficients in the constant MacKey functor Z. More precisely, one has a canonical equivariant homotopy equivalence
The associated equivariant cohomology theory is RO(Z/2)-graded (bigraded, in this case) and the resulting invariants arise naturally in Z/2-homotopy theory. The functor represented by K(Z(q), 2q) is denoted H 2q,q (−; Z). See Section 1.3 for notation.
The situation in KR-theory follows a standard, albeit non-trivial, pattern. A canonical stabilization lim − → Gr q (C n ) in the Z/2-homotopy category, of Grassmannians as Gal(C/R)-spaces, produces a classifying space BU C for KR-theory. It is easy to see that the Bredon cohomology of BU C with coefficients in Z is a polynomial ring over Z on certain characteristic classes, the equivariant Chern classes for KR-bundles. Furthermore, the inclusion of Gr q (C n ) → Z q (P C n ) stabilizes to give a map of equivariant infinite loop spaces
which classifies the total Chern class. In this paper we provide the quaternionic counterpart of the constructions in KR * -theory described above. This turns out to be a more subtle issue, and our answer was inspired by the following observation, made in [Ati66] and [Dup69] . If X be a Real space, then one has an isomorphism:
The first task is to determine the Z/2-homotopy type of Z q (P H n ), under the Z/2-action induced by j, as explained above. This is the action induced by the Gal(C/R) action on the complex points P(H n ) of the Brauer-Severi variety of rank n − 1 over R. This problem was first considered in [LLFM98b] , where it was proved that quaternionic suspension, Σ / H : Z q (P H n ) → Z q (P H n+1 ), is a Z/2-homotopy equivalence. This reduced the problem to computing the Z/2-homotopy type of cycle spaces of dimensions 0 and 1. Their homotopy type is quite distinct, and this somehow reflects the sharp difference between quaternionic bundles of even and odd complex rank. Later, in [LLFM98c] the homotopy type of the space of cycles Z q (P H n ) Z/2 was computed using suspension to a real bundle other than O(1) (which corresponds to complex suspension).
Based on the techniques of [LLFM98c] , and on the Z/2-equivariant perspective of [dS99a] , we first establish the following splitting result. Theorem 3.4. For k < n there are canonical equivariant homotopy equivalences:
where F (−, −) denotes based maps.
Note that the spaces F (P(H) + , K(Z(q), 2q)) are classifying spaces for the cohomology functors H 2q,q (− × P(H); Z). This result completely determines the Z/2-homotopy type of Z m (P H n ).
We then apply a suitable stabilization procedure using the spaces Z q (P H n ). The resulting space Z H has the property that all of its connected components are products of classifying spaces for the functors H 2 * , * (− × P(H); Z), according to the splitting of Theorem 3.4. Theorem 3.9. The space Z H is written as a disjoint union of connected spaces
where the equivariant homotopy type of Z j H is totally determined by
Using standard results in equivariant homotopy theory (cf.
[CW91]), we prove that the complex join pairing on algebraic cycles induces an equivariant infinite loop space structure on Z H . We denote by Z * H the resulting equivariant cohomology theory. Note that for a compact Z/2-space X, one has an identification
where (j) is 0 if j is even and 1 if j is odd. The group structure on Z 0 H (X), coming from the H-space structure on Z H induced by the algebraic join of cycles, has the following description.
Proposition 5.10. Let X be a Z/2-space, and let a·b denote the product of elements a, b in Z 0 H (X).
as in (60). Then, under this inclusion we have,
where z ∈ H 2,1 (P(H); Z) is the fundamental class P(H), −/z denotes slant product with z and pr is the projection onto the first factor in the product X × P(H).
A similar stabilization procedure is then applied to the Grassmannians G q (H n ) and the result is an equivariant infinite loop space (Z × BU ) H = j∈Z BU j H which classifies KH * , as described above. The inclusion Gr q (H n ) ⊂ Z q (P H n ) induces a total Chern class map c H : (Z × BU ) H → Z H , which turns out to be a map of equivariant infinite loop spaces; cf. (48).
In order to understand this Chern class map, we compute the equivariant cohomology group
. It follows from Proposition 5.10 that we first need to compute the cohomology ring H * , * (BU j H × P(H), Z). If E is a Real bundle over a Z/2-space X, denote by c k (E) ∈ H 2k,k (X; Z) its k-th equivariant Chern class, as described in [dS00] . Let ξ 2n be the universal quotient bundle over BU 2n H , and observe that ξ 2n ⊗ O(1) is a real bundle over BU 2n
H × P(H); Z) using the formulas
for 0 ≤ δ ≤ 1 and 0 ≤ 2i + δ ≤ 2n, and where x ∈ H 2,1 (P(H), Z) ∼ = Z is the canonical generator; cf. Section 1.8. Theorem 5.5. Let d k be the classes defined above. Then we have ring isomorphisms
The cohomology ring H * , * (P(H); Z) is computed in Section 1.8.
The total Chern class map c H :
Its equivariant homotopy type is determined by the following result. Theorem 5.9. The equivariant cohomology classes determined by total quaternionic Chern class map c H and the splitting (41) of Theorem 3.9 are given by
In [dSLF01] we work in the category of real algebraic varieties, addressing the issue of replacing continuous maps by morphisms of algebraic varieties. The K-theoretic constructions yield a semitopological quaternionic K-theory for real varieties. This is related to Friedlander-Walker's semitopological K-theory for real varieties [FW01] in the same way as Seymour's KH * is related to Atiyah's KR * . Furthermore, we establish relations to the algebraic K-theory of real varieties and to Quillen's computation of the K-theory of Brauer-Severi varieties in [Qui73] . In the level of "morphism spaces" into algebraic cycles, the splittings of Theorem 3.4 still hold. Using them we introduce the the quaternionic morphic cohomology for real varieties, and discuss Chern classes for the quaternionic K-theory of real varieties. This paper is organized as follows: in Section 1 we introduce the necessary background from Z/2-homotopy theory needed to state our results. In Section 2 we establish a canonical splitting for the space of zero cycles on P H n . In Section 3 we compute theZ/2-homotopy type of Z q (P H n ) and define the infinite loop space of stabilized cycles Z H . In Section 4 we apply the same stabilization procedure to the Grassmannians G q (H n ), obtaining an equivariant infinite loop space (Z × BU ) H . We show that (Z × BU ) H classifies Dupont's quaternionic K-theory. Section 5 is dedicated to computations involving the characteristic classes for quaternionic bundles defined in Section 4; a projective bundle formula is proved and the characteristic classes for the universal quaternionic bundle over (Z × BU ) H are computed.
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Preliminary results from equivariant homotopy theory
In this section we review the definitions and results from equivariant homotopy theory needed for the purposes of this paper. Throughout this section G will be an arbitrary finite group, and later on we will specialize to the case G = Z/2. Notation 1.1. If V is a representation of G, S V denotes the one point compactification of V and, for a based G-space X, Ω V X denotes the space of based maps F (S V , X). The space F (S V , X) is equipped with the its standard G-space structure. The set of equivariant homotopy classes [S V , X] G is denoted by π V (X). Given a G-space X, we denote by X + the pointed G-space X ∪ {+}, where + is a point fixed by G.
1.1. Coefficient systems and Mackey functors. Let F G be category of finite G-sets and Gmaps. The coefficients for ordinary equivariant (co)homology are (contravariant) covariant functors from F G to the category Ab of abelian groups which send disjoint unions to direct sums.
Given a contravariant coefficient system M there are Bredon cohomology groups H * (−; M ) with coefficients in M . They satisfy G-homotopy invariance and the suspension axiom, and they are classical cohomology theories in the sense that they satisfy the dimension axiom H 0 (pt; M ) = M and H n (pt; M ) = 0, for n > 0.
There are certain coefficient systems -called Mackey functors -for which Bredon cohomology can be extented to an RO(G)-graded theory. A Mackey functor M is a pair (M * , M * ) of functors M * : F G → Ab and M * : F op G → Ab with the same value on objects and which transform each pull-back diagram
Example 1.2. In this paper we are interested in the case where M = Z is the Mackey functor constant at Z. This Mackey functor is uniquely determined by the following conditions; cf. [May86, Prop. 9.10].
(ii) if K ≤ H, the value of the contravariant functor Z * on the projection ρ : G/K → G/H is the identity.
The RO(G)-graded cohomology groups with coefficients in a Mackey functor M are denoted H * (−; M ) and the corresponding reduced cohomology groups are denoted H * (−; M ). For each real orthogonal representation V there is a classifying space K(M, V ) such that, for any G-space X,
The spaces K(M, V ) fit together to give an equivariant Eilenberg-Mac Lane spectrum HM , i.e., given
satisfying various compatibility properties; cf. [May96] . This implies that H * (−; M ) satisfies the suspension axiom in the direction of any representation:
1.2. Dold-Thom theorem. Our interest on the Mackey functor Z lies in the fact that just as the spaces of zero cycles (of degree zero) on the sphere S n is a model for the non-equivariant EilenbergMacLane space K(Z, n), zero cycles on a representation sphere S V provide a model for K(Z, V ). This is a consequence of the following equivariant version of the classical Dold-Thom theorem.
Notation 1.3. Let X be a G-space. The topological group of zero cycles on X is denoted by Z 0 (X). Its elements are formal sums i n i x i , with n i ∈ Z and x i ∈ X. There is an augmentation homomorphism deg :
Let G be a finite group, let X be a based G-CW-complex and let V be a finite dimensional G-representation, then there is a natural equivalence
1.3. Motivic notation. From now on we restrict ourselves to the case of G = Z/2. We will use motivic notation for Z/2-equivariant cohomology, for it is compatible with the invariants used in algebraic geometry. Notation 1.5. Let s be the one dimensional real sign representation of Z/2 and let 1 stand for the one dimensional trivial representation. Then
1.4. Real bundles and equivariant Chern classes. Recall that a real bundle over a Z/2-space X, in the sense of [Ati66] , is a complex bundle ξ → X with a bundle map τ : ξ → ξ which is an anti-linear involution that covers the involution on X. Atiyah's KR-theory of X is defined [Ati66] as the Grothendieck group of isomorphism classes of real bundles over X. It turns out that KR(−) is a Z/2-equivariant cohomology theory in the sense that it is represented by a Z/2-spectrum as defined above. In fact, Z × BU has a natural Z/2-action induced by complex conjugation, and we denote this Z/2-space by (Z × BU ) C . This is the classifying space for KRtheory, i.e., for a Z/2-space X,
In [Ati66] it is proved that the usual periodicity of Z × BU is actually a (2, 1) periodicity, i.e., there is an equivariant homotopy equivalence
Hence (Z × BU ) C is the zero-th space of a periodic Z/2-spectrum and there are groups KR p,q (−), for p, q ∈ Z, satisfying suspension, exact sequences and Z/2-homotopy invariance. One can define Chern classes for real bundles with values in H * , * (−; Z) as usual, by pulling back certain classes from H * , * (BU C ; Z).
Theorem 1.6. There exist unique classes c n ∈ H 2n,n (BU C ; Z) whose image under the forgetful map to singular cohomology is the n-Chern class c n ∈ H 2n (BU C ; Z). Furthermore, we have the following ring isomorphism
where R is the cohomology ring of a point, H * , * (pt; Z).
Proof. This follows from the fact that BU C has an equivariant cell decomposition given by the Schubert decomposition.
Definition 1.7. For a virtual real bundle ξ over X, with a classifying map f :
The equivariant Chern classes satisfy the Whitney sum and projective bundle formulas.
1.5. Thom isomorphism for real bundles. As in non-equivariant homotopy theory, the existence of a Thom-isomorphism for some cohomology theory is directly related to the existence of orientations in that theory. We will see that real bundles are HZ-orientable and hence there is a corresponding Thom isomorphism theorem for real bundles.
Definition 1.8 ([May96]
). Let G be a finite group. Let ξ p − → X be an n-plane G-bundle over a G-space X. An HZ-orientation of ξ is an element µ of HZ α (T (X)) for some α of virtual dimension n, such that, for each inclusion i : G/H → X the restriction i * µ to T (i * ξ) is a generator of the free HZ
Proposition 1.9. Let X be a real space and let ξ p − → X be a real bundle. Then ξ is HZ-orientable.
Proof. It suffices to consider the case where ξ is a real line bundle. In this case we observe that T (ξ) = P ξ ⊕ C /P ξ and set µ = c 1 (λ) where λ → P ξ ⊕ C is the tautological line bundle and c 1 denotes the real first Chern class. Since λ| P ξ is trivial, then µ descends to a class in the cohomology of T (ξ), which is also denote by µ. Consider an equivariant map i : (Z/2)/H → X. There are two possible cases.
(i) H = Z/2: In this case T (i * ξ) = P C 2 with the Z/2-action given by complex conjugation. Then c 1 (λ)| P C 2 is the first Chern class of the tautological bundle over P C 2 , which is a generator for H * , * (P C 2 , Z) over HZ * (S 0 ) = H * , * (pt, Z).
It is easy to see that, under these isomorphisms, c 1 (λ) is the usual Chern class and hence it generates H * , * (Z/2 + ∧ S 2,0 , Z).
Definition 1.10. Given a vector bundle ξ → X over X, the projection p : P ξ ⊕ 1 → X along with the quotient map q :
Proposition 1.11 (Thom isomorphism for real bundles). Let ξ p − → X be a real n-bundle over a real space X and let µ ∈ H 2n,n (T (ξ) , Z) be an orientation for ξ. Then
is an isomorphism for all p, q. Furthermore, there is an equivariant homotopy equivalence
which induces the Thom isomorphism in homology
Proof. The existence of the Thom isomorphism is an immediate consequence of Proposition 1.9; see [May96] . We proceed to construct an explicit map φ µ at the classifying space level which induces this isomorphism. Let f µ : T (ξ) → Z 0 S 2n,n o be a (based) classifying map for the orientation class µ, hence f µ (∞) = 0. Consider the composition T (ξ)
where ∆ is the Thom diagonal, and the last map comes from the structure of "functor with smash products" (FSP) for Z 0 (−). This composition induces a function φ µ :
We claim that φ µ induces the Thom isomorphism in homology. Indeed, Z 0 (S p,q ) o is a K(Z(q), p)-space and so a model for HZ is given by (p, q)
which gives the usual ring spectrum structure on HZ, cf. [Dug01] and [dS99b] . It follows that the map in homology represented by φ µ is
the usual definition of the Thom isomorphism. The proof that φ µ * is in fact an isomorphism goes exactly as in the non-equivariant case. Using the five lemma and the Mayer-Vietoris sequence it is possible to reduce to the case where ξ p − → X is the trivial bundle, in which case T (ξ) ∼ = X + ∧ S 2n,n and it is clear that φ µ * is an isomorphism.
1.6. Poincaré duality. A smooth manifold X is called a Real n-manifold if it has the structure of a Real space (X, σ) whose tangent bundle becomes a Real n-bundle over (X, σ) under the action induced by dσ. Proposition 1.12. Let X be a connected Real manifold of dimension n. Then, for each k ≥ 0, there is an equivariant homotopy equivalence
which on passage to homotopy groups induces the Poincaré duality isomorphism
Proof. By Proposition 1.11 the tangent bundle of X has an orientation, which is a cohomology class in dimension (2n, n). It follows [CW92] that X satisfies Poincaré duality as in (9) and the duality isomorphism is given by cap product with the fundamental class z ∈ H 2n,n (X, Z) -which corresponds to 1 ∈ H 0,0 (X, Z) = H 0 (X Z/2 ; Z); cf. [CW92] . We now define a homotopy equivalence at the classifying space level realizing the Poincaré duality isomorphism. Let r = n + k and let D denote the composition
where ∆ is the diagonal map, ε is the group homomorphism induced by the evaluation map
, and the last arrow comes from the structure of "functor with smash products" (FSP) for Z 0 (−). Composing D with a classifying map S 2r,r → Z 0 (X) for the fundamental class z we obtain a map
which induces the cap product with z. Hence P is an equivariant homotopy equivalence.
1.7. Relation with group cohomology and Galois-Grothendieck cohomology. Cohomology theories like the one represented by HZ are not what algebraic geometers usually mean by equivariant cohomology. However, it is well known that for spaces which are free (under the action of a finite group), the invariants given by H * , * (−; Z) are closely related to the equivariant cohomology theories used in algebraic geometry. The goal of this section is to describe the relation between the theory H * , * (−; Z), and Galois-Grothendieck cohomology, in the case of Z/2-actions. Let G be a finite group. Recall that, in most geometrical contexts, the Borel cohomology of a G-space X (with coefficients in a ring R) is just the ordinary cohomology of the Borel construction X hG := X × G EG. We denote these groups byĤ * G (X; R). Galois-Grothendieck cohomology can be thought of as Borel cohomology with twisted coefficients: if F is a G-sheaf over X, then F× G EG is sheaf over X hG and we can defineĤ * G (X; F) := H * (X hG ; F× G EG). These are the GaloisGrothendieck cohomology groups of X with coefficients in F. Given any G-spectrum k G there is also a Borel type cohomology theory associated with k G , defined as the cohomology represented by the G-spectrum F (EG + , k G ).
We now specialize to the case G = Z/2, and k G = HZ. Consider the Z/2-sheaves Z(n), which denote the constant sheaf Z consider as a Z/2-sheaf with the Z/2-action of multiplication by (−1) n . The following proposition relates Galois-Grothendieck cohomology with coefficients in the sheaves Z(n) to the cohomology represented by F (EZ/2 + , HZ). Proposition 1.13. Let p, q be non-negative integers such that p ≥ q. There are natural isomorphisms
, which assemble into a ring homomorphism Ψ : H * , * (− × EZ/2 + ; Z) →Ĥ * Z/2 (−; Z( * )). In particular, if X is a free Z/2-space, H * , * (X; Z) is periodic with period (0, 2), and the periodicity isomorphism is given by multiplication with a generator of H 0,2 (EZ/2; Z) ∼ = Z.
Proof. The existence of periodicity in the equivariant cohomology spaces with free actions is a result of Waner [Wan86] . Our proof uses Z 0 (S p,q ) o as a model for the classifying space K(Z, R p,q ). We start by observing that the cohomology groupsĤ p (X; Z(q)) can be expressed as Bredon cohomology groups of X × EZ/2. In fact, we haveĤ
, where right-hand side denotes Bredon cohomology and Z(q) is the coefficient system determined by the Z/2-module Z(q).
A direct computation shows that there is a class α p,q inĤ
(S p,q ; Z(q)), whose image under the forgetful map to singular cohomology is the fundamental class of S p,q . This implies that there is an equivariant map
, which is a non-equivariant homotopy equivalence. Composition with this map induces an equivariant homotopy equivalence
Composing with the map EZ/2 → * gives an equivariant homotopy equivalence
which induces the isomorphism Ψ in (10).
, which is easily seen to correspond, under the isomorphism (10), to the cup product in H * , * (− × EZ/2 + ; Z) (because α p,q ∪ α p ,q = α p+p ,q+q ). Let t be a generator of H 0,2 (EZ/2; Z) ∼ = Z and let X be a free Z/2-space. Since X is Z/2-homotopy equivalent to X × EZ/2, the cohomology of X is a module over H * , * (EZ/2; Z). The compatibility of Ψ with products shows that the following diagram commutes
, and hence t ∪ − is an isomorphism. Notation 1.14. As observed above, if X is a free Z/2, there is a natural homomorphism
making H * , * (X; Z) into a module over H * , * (EZ/2; Z). From now on we will use t to denote both a generator of H 0,2 (EZ/2; Z) ∼ = Z and its image under the homomorphism above. Multiplication by t induces the (0, 2) periodicity in H * , * (X; Z).
Corollary 1.15. Let X be a space with a free Z/2-action. There is an E 2 spectral sequence
Proof. It is shown in [Gro57] that there is an E 2 term spectral sequence
1.8. The RO(Z/2)-graded cohomology of the Brauer-Severi curve P(H). Let P(H) denote the complex points of the Brauer-Severi variety associated with the real algebra H. Here we describe the cohomology ring H * , * (P(H); Z). The computations follow directly from the results above. We start by computing H * ,q (P(H); Z), for q = 0, 1. For q = 0, we have
For q = 1, the spectral sequence (1.15) gives
Moreover, H 1,1 (P(H); Z) and H 2,0 (P(H); Z) are generated by the image of the homomorphism
Let denote the generator of H 1,1 (P(H); Z) and let be its image in H 1 (P(H); Z(1)) under the ring homomorphism Ψ of (10). One can check that 2 = 0 hence 2 is the generator of H 2,2 (P(H); Z). The group H 2,1 (P(H); Z) is generated by the fundamental class of P(H), which we denote by x. Note that x 2 = 0, since, by (0, 2) periodicity,
The same argument shows that x = x 3 = 0.
Remark 1.16. The generator x is given by the first Chern classc 1 (O(2)) of the Real bundle O(2) over P(H).
Putting all these facts together and using that fact that t ∪ − is an isomorphism, we obtain a ring isomorphism
where , t and x have degrees (1, 1), (0, 2) and (2, 1), respectively.
The Z/2-homotopy type of zero-cycles
A structure on a complex vector space V is a complex anti-linear map j : V → V that satisfies either j 2 = I or j 2 = −I. In the first case, j is called a real structure and the pair (V, j) is a real vector space, and in the latter case, j is called a quaternionic structure and the pair (V, j) is a quaternionic vector space. A morphism f : (V, j V ) → (W, j W ) of vector spaces with structure is a complex linear map from V to W commuting with the respective structures.
Any real vector space (V, j) of complex dimensin n is isomorphic as a vector space with structure to (C n
Let H ∨ denote the complex dual of H and let P(H) denote the projective space of 1-dimensional complex subspaces of H, which we identify with the complex subspaces of codimension 1 in H ∨ . In particular, if f : H ∨ → C is a non-zero linear functional then we denote its zero locus by [f ] ∈ P(H).
The d-fold symmetric product SP d (P(H)) inherits an anti-holomorphic involution σ : SP d (P(H)) → SP d (P(H)) induced by , hence it becomes a Real space in the sense of Atiyah [Ati66] . If one denotes
induces the classical isomorphism between SP d (P(H)) and P Sym d (H) . This is an isomorphism of Real spaces.
The canonical inclusion i n,q : P H n → P H q , for n < q, given by setting the last coordinates zero can be described (up to linear isomorphism) in terms of symmetric products as follows. Let [f o ] ∈ P(H) be some point and let [f σ o ] denote its image under the quaternionic involution σ. Then define i n,q : P H n = SP 2n−1 (P(H)) → P H q = SP 2q−1 (P(H)) (13)
Note that i n,q is a morphism of Real spaces. Following [LLFM98c] we define, for a < b, the map
[
where the sum runs over all multi-indexes I = {1 ≤ i 1 < · · · < i a ≤ b}. Notice that although a and b can be even or odd, the maps r b,a are always morphisms of Real spaces. To simplify notation, denote
and let
denote the quotient map. We adopt the convention that M −1 = {0}. Now, use the morphisms r b,a to construct maps (17) R q,n : M q → M n as follows. Given τ ∈ P H q , define for n < q,
The map R q,n can then be extended by linearity to arbitrary 0-cycles on P H q . Finally, for n < q, define,n : M q → Q n as the composition,n = Ψ n • R q,n and let q n,n = Ψ n .
Proposition 2.2. Let {(M n , Q n ,,n , i q,n ) |,n : M q → Q n , i n,q : M n → M q , 0 ≤ n ≤ q} be the collection of groups and maps defined above. Then the following assertions hold:
The maps i n,q and,n are equivariant homomorphisms for the Z/2 actions on M n and Q n induced by the quaternionic structure on H n .
b:
The sequence M n−1
−−→ Q n is an equivariant principal fibration, for all n. c: The following diagram commutes:
Proof. The first assertion is evident from the definitions. Now, observe that the Z/2 involution on P(H n ) induced by the quaternionic structure on H n is a real analytic involution. Therefore, the pair (P(H n ), P(H n−1 )) becomes a Z/2-simplicial pair after a suitable equivariant triangulation. Therefore, the second assertion follows from [LF97, Thm.
2.7]
In order to prove the last assertion, consider elements x 1 , . . . , x 2q−1 ∈ P(H) as free variables and let S denote the polynomial ring S := Z[x 1 , . . . , x 2q−1 ]. It is then clear that r 2q−1,2n−1 (x 1 · · · x 2q−1 ) ∈ SP ( 2q−1 2n−1 ) (SP 2n−1 (P(H))) can be seen as the coefficient of t 2n−1 in the polynomial
In particular,
is the coefficient of t 2n−1−j in the polynomial P
Using the above observations, and the definition of R q,n , one concludes that R q,n (i n,q (x 1 · · · x 2n−1 )) is the coefficient of t 2n−1 in 
] is seen to be equal to
If one writes (1 + yt) N = 1 + yα N t (y), then the right hand side of the formula (22) above can can be written as
We now apply the latter identity to equation (21) and obtain
for some element . Therefore,
and this shows that the diagram (19) commutes, concluding the proof.
Corollary 2.3. Let X be a based Z/2-space. The maps q n,j : Z 0 P H n → Z 0 P H j /Z 0 P H j−1 induce an equivariant homotopy equivalence
qn,n×q n,n−1 ×···×q n,1
and observe that one has an equivariant isomorphism M j /M j−1 ∼ = Q j . Let Ψ j : M j → Q j denote the projection and letĩ n,q : M n → M q be the canonical inclusion induced by the inclusion of spaces when n < q. The maps r 2q−1,2n−1 , described in (14), induce maps (23)r 2q−1,2n−1 :
defined as the composition
where the latter is the natural structural map when we see SP * (−) as a functor with smash products. Finally, defineq q,n := Ψ n •r 2q−1,2n−1 . It is immediate from the definitions that all the assertions in Proposition 2.2 hold for the new collection (M n , Q n ,q q,n ,ĩ n,q ) above. These assertions guarantee that the spaces and maps involved, along with their restrictions to fixed point sets, satisfy the hypothesis of [FL92, Prop. 2.13]. The corollary then follows.
In order to fully understand the equivariant homotopy type of Z 0 P H n we are reduced to understanding Z 0 P H j /P H j−1 o . However, P H j /P H j−1 = T O P(H) (1) ⊗ H j−1 is the Thom space of the Real bundle O P(H) (1) ⊗ H j−1 . It follows from Propositions 1.11 and 1.12 that the Thom class of O P(H) (1), along with Poincaré duality, determines a unique equivariant homotopy equivalence (24)
This proves the following result:
Corollary 2.4. There is a canonical equivariant homotopy equivalence
The last equivalence follows from the equivariant Dold-Thom theorem proven in [dS99a] ; cf. (1.4).
Quaternionic algebraic cycles and the join pairing
In this section we study the equivariant topology of groups of algebraic cycles under quaternionic involution, and construct stabilizations of such objects that yield equivariant Z/2-spectra.
3.1. Equivariant homotopy type of algebraic cycles. Let (V, j) be a quaternionic vector space. An algebraic cycle on P V of codimension q is a finite linear combination k i=0 m i A i , where m i ∈ Z and A i ⊂ P V is an irreducible subvariety of codimension q in P V . The following properties hold.
Facts 3.1.
a: The collection of algebraic cycles of codimension q in P V forms an abelian topological group Z q (P V ) under addition of cycles; cf. [LF94] . b: The quaternionic structure j on V induces a continuous involution j * : Z q (P V ) → Z q (P V ) which is also a group homomorphism; cf. [LLFM98c] . This gives an action of Z/2 on Z q (P V ) via group automorphisms. We reserve the word equivariant in the present context to mean Z/2-equivariant under this quaternionic action. c: There is a continuous degree homomorphism deg : Z q (P V ) → Z which assigns to a cycle
Given two quaternionic vector spaces (V, j V ) and (W, j W ), one has an equivariant external join pairing
given by the ruled join of cycles. Roughly speaking, # is the bilinear extension of the following operation. Given an irreducible subvariety A ⊂ P V of codimension q, and an irreducible subvariety B ⊂ P W of codimension q , let A#B be the irreducible subvariety of P V ⊕ W obtained by taking the union of all projective lines in P V ⊕ W joining points in A to points in B, after taking the embeddings A ⊂ P V = P V ⊕ 0 ⊂ P V ⊕ W and B ⊂ P W = P 0 ⊕ W ⊂ P V ⊕ W . We refer the reader to [LLFM96] for more details.
Remark 3.2. The degree of cycles is additive with respect to addition of cycles and multiplicative with respect to the join. In other words, given cycles σ 1 , σ 2 ∈ Z q (P V ) and τ 1 ∈ Z q (P W ), then
If one thinks of P(H) as an element in Z 0 (P(H)), one can use the join to define the quaternionic suspension map: (1) This definition parallels the construction of the complex suspension map Σ / C : Z q (P V ) → Z q (P V ⊕ C ) for a real vector space (V, j), whose (non-equivariant) homotopy properties were first studied in [Law89] . Equivariant properties for this map, with respect to the complex conjugation involution, were studied in [Lam90] , [LLFM98a] , [LLFM98b] , [dS99a] , [Mos98] .
(2) Another useful description of the suspension map is the following. Consider a surjection f : V → W of quaternionic vector spaces, and let C ⊂ V be a (quaternionic) complement to the kernel K := ker f , so that V is the internal direct sum K ⊕ C with C ∼ = W . The latter isomorphism induces a homomorphism Z q (P W ) ∼ = Z q (P C )
, which is an equivariant homotopy equivalence. One can easily verify that the resulting "pull-back map" f * : Z q (P W ) → Z q (P V ) is independent of the choice of the complement C.
We now proceed to determine the equivariant homotopy type of spaces of algebraic cycles Z q (P(H n )) of arbitrary codimension q on P(H n ). It is shown in [LLFM98a] that, given a quaternionic vector space (V, j), the suspension homomorphism (26) Σ / H : Z q (P V ) → Z q (P V ⊕ H ) gives an equivariant homotopy equivalence. In particular, for k < n, one obtains equivariant homotopy equivalences:
Now, let (V, j) be a quaternionic vector space, and recall that Sym 2 (V ) has a natural structure of a real vector space; cf. Remark 2.1. It follows that the image of P V under the Veronese embedding ν 2 : P V → P Sym 2 (V ) given by O P V (2) becomes a real subvariety of P Sym 2 (V ) . Define
It is clear that Q(V ) can be identified with the complex suspension
It is shown in [LLFM98c, Prop. 6.1] that the complex suspension Σ / : Z q (P V ) → Z q (Q(V )) composed with the Veronese embedding P V → P Sym 2 (V ) induces an equivariant homotopy equivalence Σ / : Z q (P V ) → Z q (Q(V )). This fact, together with the equivalence Z q (Q(H k+1 )) ∼ = Z q (Q(H k )) proven in [LLFM98c] gives an equivalence
These observations imply the following result.
Theorem 3.4. For k < n there are canonical equivariant homotopy equivalences:
and
Proof. The first equivalence follows from the equivalence Z 2k−1 (P H n ) ∼ = Z 0 P H k given by (27) and Corollary 2.4. To prove the second one, first consider the equivalences
cf. (27), (28), (30) and Propositions 1.11 and 1.12. Using Corollary 2.3 one obtains
Finally, the canonical equivalence
o established in Propositions 1.11 and 1.12, along with (31), (32) and (33), proves the second assertion of the proposition.
Stabilizations of cycle spaces.
Here we use the group of algebraic cycles, with the quaternionic Z/2 action defined above, to construct equivariant infinite loop spaces.
Consider a real vector space (V, σ), of complex dimension v, and let V * denote its complex dual. Denote by (V H , j) the quaternionic vector space V H := V ⊗ C H with quaternionic structure induced by multiplication by j on the right, and define
where Z 2v+j (P V * H ⊕ V H ) 1 denotes the spaces of algebraic cycles of codimension 2v + j and degree 1 in P V * H ⊕ V H . Here we see Z(V ) as a Z/2-space under the quaternionic action induced by j on
Given an inclusion of real vector spaces i : (V, σ) → (W, σ ), let i * : W * → V * denote the adjoint surjection. The inclusion i induces maps
given by the inclusion of cycles, and the surjection i * induces maps
given by the appropriate pull-back of cycles; cf. Remark 3.3. Define (37) i :
as the composition (i * ⊕ id) * • (id ⊕ i) * . This makes Z(−) into a functor from the category of finite dimensional real vector spaces and linear monomorphisms, to the category of pointed Z/2-spaces. The functor Z(−) comes with an additional structure, an equivariant "Whitney sum" pairing, defined as follows. Given real vector spaces (V, σ) and (W, σ ), define
as the map whose restriction to the components is the composition
, where # is the join pairing (38). Here τ denotes the map on cycles induced by the composition of linear isomorphisms
, where the former map is a shuffle isomorphism and the latter is the usual natural identification. Define # 0,W to be the identity map, after the natural identification Z(P 0 ⊕ V ) ≡ Z(P V ).
Proposition 3.5. The assignments V → Z(V ) along with the pairings # V,W give Z(−) the structure of an equivariant (Z/2)I * -functor, in the language of [May77] . See also [LLFM96] .
Proof. This amounts to checking various coherence properties, and proceeds exactly as in the nonequivariant case done in [BLLF + 93] , or in the equivariant study of real algebraic cycles, done in [LLFM98b] . Now, consider (C ∞ , σ) as a real vector space under complex conjugation σ, and observe that it is a complete Z/2-universe; cf. [May96] . In other words, it contains infinitely countably many copies of each irreducible representation of Z/2. Define Z H as the colimit
where V runs over all real subspaces of C ∞ .
Theorem 3.6. The space Z H is an equivariant Z/2-infinite loop space. In other words, for each real Z/2-module V there is a Z/2-space Z H,V along with coherent equivariant homotopy equivalences
Remark 3.7. Given any based Z/2-space X and Z/2-module V , the space Ω V X of V -fold loops in X is the space F (S V , X) of based maps from the one-point compactification S V of V into X, with its usual topology and the usul Z/2 action on function spaces. The coherence properties mentioned in the statement above are the ones that define an equivariant infinite loop space; cf. [May96] .
Definition 3.8. The infinite loop space structure on Z H determines an equivariant spectrum (cf.
Before proving the theorem, let us analyze the space Z H in detail. Since the increasing coordinate flag {0} ⊂ C ⊂ C 2 ⊂ · · · ⊂ C ∞ is cofinal among the finite dimensional subspaces of C ∞ , one observes that
Here we are making the usual identification C n H = C n ⊗ C H ≡ H n . The maps i in the colimit above are compositions of algebraic suspensions and coordinatewise inclusions. Therefore, they are compatible with the splittings given in Theorem 3.4.
Theorem 3.9. The space Z H is written as a disjoint union of connected spaces
Proof. It is evident that if one defines
The result now follows from the remark preceding the Proposition together with Theorem 3.4. It follows from (38) that the H-space structure on Z H given by the join induces a group isomorphism π 0 (Z H ) ∼ = Z. Furthermore, it is easy to see (cf. [LLFM98c] ) that Z j+2n (P H n * ⊕ H n ) 1 Z/2 is empty if j is odd, and non-empty and connected if j is even. This implies, after passage to the colimit, that
. Therefore, the H-space Z H is Z/2-group complete, in the language of [CW91] . It follows from the equivariant "recognition principle" in [CW91] that Z H is an equivariant infinite loop space; see also [dSLF01] .
Remark 3.11. We must point out that the construction of our I * -functor Z(−), in Proposition 3.5, only uses embeddings V → W , not isometric embeddings of hermitian vector spaces. As a consequence, we can replace the linear isometries operad L by the linear embeddings operad
This operad has the advantage of being algebraic in nature and is more suitable for possible "motivic" generalizations and various other applications to algebraic geometry.
Quaternionic K-theory
Given a Z/2-space X, one can use its equivariant structure to study two classes of complex bundles over X, namely the real and quaternionic bundles. This study yields two distinct, albeit related, equivariant theories: the Real K-theory studied by Atiyah in [Ati66] and the (equivariant) quaternionic K-theory studied by Dupont in [Dup69] .
Let us recall the basic definitions.
Definition 4.1. Let (X, σ) be a Z/2-space and let p : E → X be a complex vector bundle over X. Let τ : E → E be a continuous map covering σ, i.e. p • τ = σ • p, and such that for any x ∈ X the resulting map τ :
is a quaternionic bundle. The dimension of a real or quaternionic bundle is defined as its complex dimension, and morphisms between such bundles are bundle morphisms that commute with the structure maps τ .
The isomorphism classes real bundles form a monoid under Whitney sum, whose Grothendieck group is called the real K-theory KR 0 (X) of X. Similarly, the Grothendieck group of isomorphism classes of quaternionic bundles gives the quaternionic K-theory groups KH 0 (X) of X.
In [LLFM98b] the connective version of KR-theory is studied from the equivariant point of view, along with a suitable theory of equivariant Chern classes. In this section and the next, we provide quaternionic analogues, along with a suitable theory of equivariant Chern classes and their equivariant deloopings. We must point out that in [Dup99] , Dupont conjectures the existence of an appropriate theory of Chern classes for quaternionic bundles. Here we provide a quite natural answer to his question. 4.1. Classifying spaces and equivariant quaternionic K-theory spectrum. In this section we describe a classifying space for quaternionic K-theory in the equivariant category, and at the same time we prove the existence of equivariant deloopings of this space.
Given a real vector space (V, σ) of complex dimension v, we follow (36) and define
We make the assignment V → Gr(V ) functorial as follows. Consider an inclusion i : W → V of real vector spaces of dimensions w and v, respectively. As in the previous section, we observe that i induces an inclusion (id ⊕ i) * : Gr
given by the inclusion of linear subspaces, and that the surjection i * : V * → W * induces another inclusion (i * ⊕ id) −1 :
given by taking inverse images. Let i : Gr(W ) → Gr(V ) be the map given, on each connected component, by the composition
Given any space X, and any real vector space (V, σ), we denote by V H the quaternionic vector bundle X × V H over X. Now, let ξ j V denote the universal quotient bundle over Gr 2v+j (V * H ⊕ V H ). The proof of the following result is standard.
Lemma 4.2. The map on Grassmannians i :
Observe that, in the same fashion as Z H (cf. Theorem 3.9), the space (Z × BU ) H can be written as a disjoint union where the second equality comes from Lemma 4.2. This shows that the element in KH 0 (X) thus obtained is independent of the factorization through a finite dimensional Grassmannian. Standard arguments, e.g. [Seg68] , show that this assignment only depends on the equivariant homotopy class of f and that the resulting map Ψ : [X + , (Z × BU ) H ] Z/2 → KH 0 (X) is injective. In order to prove surjectivity, let (E, τ ) be a quaternionic bundle over (X, σ). One can find sections s i : X → E, i = 1, . . . , k generating E, i.e., for each x ∈ X the map ϕ x :
It is clear that φ is onto, by construction, and that φ is a map of quaternionic bundles for the diagonal quaternionic structure on H n × X given by right multiplication by j on the first factor, and by σ on the second factor. It follows that the map f : X → Gr dim E (H k ) defined as f (x) = ker (φ x ) is equivariant and satisfies f * Q ∼ = E, where Q is the universal quotient bundle over Gr dim E (H k ). A little manipulation with f and the directed system giving (Z × BU ) H then shows that Ψ is onto.
Definition 4.5. For each j ∈ Z, we denote by ξ j the virtual universal quotient bundle over BU j H , of virtual dimension j, whose restriction to Gr
One must notice that the construction of Gr(V ) here parallels (in fact it precedes) that of Z(V ), given in (36). Furthermore, given real vector spaces (V, σ), (W, σ ) one can define
, where τ is the shuffle map which switches coordinates from (
The following proposition is analogous to Proposition 3.5 and is proven in a similar fashion.
Proposition 4.6. The assignments V → Gr(V ) along with the pairings ⊕ V,W give Gr(−) the structure of an equivariant (Z/2)I * -functor, in the language of [May77] . See also [LLFM96] .
The proof of the following result is identical to the proof of Theorem 3.6.
Theorem 4.7. The direct sum operation induces an equivariant Z/2-infinite loop space structure on the space (Z × BU ) H .
Definition 4.8. The infinite loop space structure on (Z×BU ) H determines an equivariant spectrum (cf. [May96] ) denoted Ksp, satisfying Ksp(0) ∼ = (Z × BU ) H . This is the connective quaternionic K-theory spectrum.
Remark 4.9. The same construction with V C replacing V H , and with the complex conjugation action on V C , would give (Z×BU ) C along with the equivariant infinite loop space structure classifying KR()-theory.
Let (V, σ) be a real vector space. An important feature of our constructions is the fact that a complex linear subspace L of codimension 2v + j in V * H ⊕ V H is also an irreducible subvariety of codimension 2v + j and degree 1 in P V * H ⊕ V H . Furthermore, the external direct sum of two such subspaces corresponds to their algebraic join when seen as projective subvarieties. See [BLLF + 93] for more details. This gives a natural transformation c : Z(−) → Gr(−) of (Z/2)I * -functors.
Standard arguments, such as in [ In order to analyze the quaternionic Chern class map in the level of classifying spaces, we first need to understand the equivariant cohomology of (Z × BU ) H × P(H). This computation and the subsequent analysis form the content of our next section.
Characteristic Classes
In this section we introduce characteristic classes for quaternionic bundles and establish their relation to the total quaternionic Chern class map c H : (Z × BU ) H → Z H , in the level of classifying spaces.
The characteristic classes d k (E) ∈ H 2k,k (X × P(H); Z), associated to a quaternionic bundle E → X are defined as follows.
Definition 5.1. Let E be a rank e quaternionic bundle over a Z/2-space X. For δ = 0, 1, and
where c −1 (−) = 0.
Note that, since X × P(H) is a free Z/2-space, the characteristic classesc k (E ⊗ O(1)) can also be defined with values in Galois-Grothendieck cohomology as in [Kah87] , according to the discussion in Section 1.7.
In order to understand the meaning of this definition, and its relation to the total Chern class map, we first compute the equivariant cohomology of (Z × BU ) H × P(H) in the next section.
5.1. Cohomology of (Z × BU ) H . We start by observing that all the components of (Z × BU ) H × P(H) have the same equivariant homotopy type, hence it suffices to compute H * , * (BU b: Let E → X be a quaternionic bundle of rank e, and let ρ denote the forgetful functor from equivariant cohomology to singular cohomology. Then, denoting the fundamental cohomology class of P(H) by β, we have ρ(d k (E)) = c k (E) × 1 + c k−1 (E) × β , k ≡ e mod 2 c k (E) × 1 , k ≡e mod 2.
In particular, considering the universal bundles ξ j k over Gr 2k+j (H k * ⊕ H k ), we see that the classes ρ(d k ) generate the singular cohomology of (Z × BU ) H × P(H) over H * (P(H); Z).
We now compute the equivariant cohomology of (Z × BU ) H . (−1) 2i+δ−1 i t 2i+δ c e−(2i+δ)−1 (q * G) − t 2i+δ−1 c e−(2i+δ) (q * G) x = 0.
5.3. The quaternionic total Chern class map. Recall from Theorem 3.9 that the space Z H splits equivariantly as a product of classifying spaces for the functors H * , * (− × P(H); Z). Given any equivariant map, X → Z H , such a splitting determines a set of classes in H * , * (X × P(H); Z). We have seen in Definition 4.10 that the inclusion of linear spaces in the space of all algebraic cycles induces an equivariant map c H : (Z × BU ) H → Z H . In this section we will compute the cohomology classes determined by the map c H and the splitting (41) of Theorem 3.9.
Proposition 5.8. Let ξ n ∈ KH(P H n ) be the universal quotient bundle over P H , and let
F (P(H) + , K(Z(2i − 1), 4i − 2)) be the equivariant homotopy equivalence of corollary 2.4, and let j n : P H n → Z 0 P H n denote the natural inclusion. Then the composition
Proof. For n = 1, we need to identify the element α of H 2,1 (P(H) × P(H); Z) classified by the composition P(H) j − → Z 0 (P(H)) ψ − → F (P(H) + , K(Z(1), 2). Since ψ is the map that realizes Poincaré duality, α is the Poincaré dual of the diagonal ∆ ⊂ P(H) × P(H). From the projective bundle formula (Proposition 5.7) it is easy to see that α = P(∆) = c 1 (pr * 1 O(1) ⊗ pr * 2 O(1)) = d 1 (ξ 1 ).
Assume that the proposition holds for k < n, and note that Proposition 2.2(c) implies that φ n restricts to φ k on P H k , for k < n. The projective bundle formula shows that d 2i−1 (ξ n ) is the only class whose restriction to P H k is d 2i−1 (ξ k ), for all i = 1, . . . , k. Hence it suffices to show that p n • φ n classifies d n (ξ n ), where p n denotes the projection onto the last factor in (56).
Observe that p n • φ n is given by the composition Applying this equivalence to X×EZ/2 instead of X and using the equivariant homotopy equivalence X × P(H) × EZ/2 ∼ = X × P(H),
we obtain an equivariant homotopy equivalence
Remark 5.12. Another interesting fact about (Z × BU ) H is that (Z × BU ) H ∼ = Ω 4,0 (Z × BU).
To see this, consider a map f : S 4 → BSp which represents a generator of π 4 (BSp). The tensor product induces an equivariant map
Its adjoint (Z × BU ) H → Ω 4,0 (Z × BU) is an equivariant map which is a non-equivariant homotopy equivalence, and whose restriction to the fixed points induces the homotopy equivalence
see [Bot59] .
